The relative diffusion of a pair of dye particles in homogeneous steady turbulence is studied from the viewpoint that the turbulent transport is due to the vortex stretching of eddies in the inertial range. Thus, with the aid of Mori's (1980) formula for the vortex stretching, it is shown that the eddy diffusi'On rate is given by dL. 2 / df=AL~4+2Pl/3withA =Ac '/3 L -2M, whereL. 2(f)is the mean square of the relative distance of the pair at time f, c the mean rate of the energy transfer from large eddies to small eddies, L the length scale of the production range and f. 
One of the most fascinating features of turbulence is an enormous enhancement of transport processes.1),2) In a turbulent flow, the transport rates of particles, heat and momentum are far greater than the corresponding molecular transport rates. This enhancement arises from a random excitation of eddies whose diameters are much larger than the mean free path of molecules. The random excitation of eddies is due to the cascade process of the turbulent energy from large wavelength modes to small wavelength modes in the inertial range, and can be formulated as an anomalous diffusion of vorticity due to the vortex stretching. 3 ) Transport processes are the manifestation of an underlying fundamental diffusion process. In the case of the molecular transport, the fundamental diffusion process is the Brownian motion of molecules due to molecular collisions.
In the case of the turbulent transport, the fundamental diffusion process is considered to be the anomalous diffusion of vorticity. From this point of view, we shall study the diffusion of a dye cloud in fullydeveloped turbulence. Let L* 2( t ) be the mean square of the linear dimension of the dye cloud at time t. There has long been known Richardson's empirical law,4) which states that the eddy diffusion rate takes the form (1 '1) where A is a constant which depends on properties of the turbulent flow. This 4/3 law has been investigated in a large number of works.5) . The mean rate c of the successive energy transfer from large eddies to small eddies has the dimension [c] =cm The validity of this assumption, however, is not clear
Id, where L is the length scale of the production range and Id the length scale of the dissipation range, since the diffusion of dye particles is determined by two different processes; the energy cascade which depends not only on c but also on L, and the time correlation of the direction of the relative velocity of two dye particles which could depend also on Id • Therefore in the present paper we shall discuss 1) why the eddies of diameters much smaller than L*(t) do not contribute to the relative diffusion though their number is very large and the expansion rate of the vortex stretching is anomalously large for small eddies? 2) the intermittency effect,
3) what determines the magnitude of the rate constant A?
This amounts to clarifying the physical mechanism of the relative diffusion from the standpoint of eddy kinetics. This is also necessary for dealing with the relative diffusion in more general turbulent flows.
In § 2 we shall summarize a formulation of the vortex stretching proposed by one of the present authors recently.3) In § 3 we shall propose an evolution Mori's distribution of eddy sizes.7) Section 4 will be devoted to a short summary and remarks. § 2. V ortex stretching of eddies in the inertial range Turbulent flow consists of eddies of various sizes. Let us take one eddy of a mean diameter 10 at time t = 0 and consider its time evolution. The problem concerned in this section is to predict the linear dimension of the spatial spread of the eddy at later time t in the steady inertial range.
As shown in Fig. 1 , the eddy is stretched and folded with time and becomes a fine vortex tube of a mean cross-sectional diameter I and a mean turnover velocity v at time t. The blob segments of the vortex tube, indicated in Fig. 1 , are eddies of mean diameter I and mean turnover velocity v. Hence the vortex tube can be regarded as a random chain of eddies. The vortex tube can also be regarded as a wave-packet consisting of a large number of flow modes of wavelengths less than I. We assume the universality and the self-similarity of the energy cascade from large eddies to small eddies. Then the eddy turnover time of the vortex tube at time t is given byS).9)
where c is a positive number of order unity and fJ. is the intermittency exponent. Then the contraction ratio of the mean diameter at time t takes the form 3 )
where a=(2+fJ.)/3 and
The too represents the lifetime of the vortex tube in the limit ld~O.
The most important quantity of the vortex tube is the mean square of the relative distance R(t) of its two ends, indicated in Fig. 1 , which is given by the inverse power law 
where
. This gives the maximum spread which the vortex tube attains just before it vanishes. We have I; = 3/8 if f.L = 0, and I; = 27/55 if f.L = 1/ 3. Therefore, as R -> 00, the maximum spread increases enormously. 
As in Fig. 2 , let us take two successive time intervals (0, tl) and (tl, tl+t2), and let 8Uo, tl) be the spread ratio (2·4) for the interval (0, tl) and 8UI, t2) be that for the interval ([I, tl + t2). Then the spread ratio for the total interval (0, tl + t2) is given by the product of the two,
This composition rule can be derived from (2·4) as follows: Equation (2·2) gives
which immediately gives
This leads to (2·9) from (2·4).
In the following section, we shall discuss the relative diffusion of dye particles with the aid of (2·4) and (2·9). § 3_ Relative diffusion in the regime L>L*(t)>J>ld Let us take a turbulent flow in a pipe with large diameter L and inject a pair of dye particles. Let L* (t ) be the root mean square of the relative distance of the pair at time t and assume that L > L*(t)>J> ld. Figure 3 shows how L*(t) is increased by the stretching of two vortex tubes, which is independent of whether or not the two vortex tubes are two parts of one identical vortex tube. This mechanism of the relative diffusion will be formulated in this section. 
The pair particles ride on a number of eddies of various sizes. However, each of almost all eddies whose diameters are larger than L*(t) contains the pair particles simultaneously and hence gives a convective motion of the pair. A diffusive motion is caused when the two particles are moved by different eddies which are not overlapped and hence are nearly statistically-independent of each other. Therefore the change of L* 2( t) in a short time interval (t, t + dt) is caused by those eddies whose diameters are less than L*( t). These eddies can be classified into pairs of eddies of the same size such that one of each pair contains one of the two dye particles and another eddy contains another particle. Such pairs of eddies produce an increase of L* 2( t), as shown in Fig. 3 . Indeed, according to (2) (3) (4) (5) (6) (7) (8) (9) , such a pair of eddies of diameter l gives L*2(t+dt) = L2(t ) B (t, dt). Let wz be the relative weight of this contribution to the change of L* 2( t) among those of the relevant pairs of eddies. Then the expansion rate of L* 2(t) is given by where 5 ( l) is the mean expansion rate for one pair of eddies of diameter l with the intermittency correction (ll L )1' :8)
S(t)=(tIL)I'[aB(l, u)lau]u~o,
(3-2) (3-3)
As will be shown later, Wl = 13-(7-41-')13 = 1(2+41-')13 . (3'4) Then (3'1) leads to the diffusion rate (3·8) in the inertial range L> 1> 1d, where N is a normalization constant. Since the overlapping of the eddies of the same size is negligible, the volume occupied by these eddies is given oy 1 3 N l d1. This volume gives the probability that a dye particle rides on an eddy of size 1. Therefore, if the dye particle suffers the vortex stretching when it lies inside the eddy, then Wl ~ 1 3 N l , leading to (3·4). It is reasonable to assume that the dye particle suffers an effective stretching only when it lies in the vicinity of some part of the surface of the eddy. Even then, since the depth of the surface region is proportional to size 1 due to the similarity Thus we have lWl = 1(5+41')/3 and IS (I )Wt ~ 11+21' in (3·1). As I decreases, these factors reduce rapidly. Therefore, as far as L*'P ld, the small eddies do not contribute to the diffusion rate, although their number is so large as (3·8) and their stretching rate is singular for small I as (3·3). Equation (3·7) is integrated to give
with Q-=(aA/2)2l a . Let us define a time lL by L*(lL)=L. Then the diffusion laws, (3·9) and (3·10), are valid for t< tL. lL increases as L*(O)/L decreases. Its upper limit is given by fL u =2/aA and is listed in Table I . Since the ratio of L*(t) to ld is an important quantity, it is convenient to use 
c) The upper limit of tL is given in Table I .
It is well known that, for an initial short period t<f:.. ri, the relative velocity V( t) of the pair particles does not change appreciably so thaC) (3'12) where < V 2 (0» is an ensemble average of V 2 (0) and ri is the mean turnover time of the eddies of diameter LAO). From (2'1)
Hence f;/ fi=0.0343 for ,u=0. Values of ti are listed in Table II . For t"<; ri, the diffusion law (3'9) holds. The diffusion of a dye cloud is an ensemble average of the relative diffusion of pairs of dye particles. When the interaction between dye particles is negligible, the relative diffusion of any pair of dye particles obeys the diffusion law (3' 5). The diffusion rate at time t is largest for those pairs whose two particles lie in the vicinity of the cloud surface and are separated by about the mean diameter of the cloud at time t. These pairs determine the diffusion rate of the root-mean-square diameter LA t) of the dye cloud so that the time evolution of L* (t) is also governed by the diffusion laws (3'5) and (3·7).
It should be noted that we have assumed that the dye particles do not change properties of turbulence and move together with the fluid particles. § 
Summary and remarks
The physical mechanism of the turbulent diffusion of an admixture cloud has been clarified from the viewpoint that the admixture cloud is diffused by the stretching of vortex tubes. Thus, with the aid of Mori's formula (2·4) for the vortex stretching Thus we have obtained an intermittency correction to the 4/3 law. This is consistent with Hentschel and Procaccia's recent investigation.
IO )
The fundamental rate constant A has been obtained in terms of f.1. and the folding exponent 11 of the vortex stretching. This means that the relative diffusion is the most clear-cut manifestation of the dynamic structure of turbulence. The turbulent diffusion of an admixture cloud is not only the simplest example of the turbulent diffusion of passive scalars, including the thermal conduction, but also the most typical example of the enormous enhancement of transport processes in turbulence. Indeed, quantities such as the heat and the momentum are also diffused by the stretching of vortex tubes in a manner similar to the relative diffusion of dye particles. This would imply that the fundamental diffusion process underlying the enhanced turbulent transport is the anomalous diffusion of vorticity.
